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The problems of genuine multipartite entanglement detection and classification are challenging.
We show that a multipartite quantum state is genuine multipartite entangled if the multipartite
concurrence is larger than certain quantities given by the number and the dimension of the subsys-
tems. This result also provides a classification of various genuine multipartite entanglement. Then,
we present a lower bound of the multipartite concurrence in terms of bipartite concurrences. While
various operational approaches are available for providing lower bounds of bipartite concurrences,
our results give an effective operational way to detect and classify the genuine multipartite entan-
glement. As applications, the genuine multipartite entanglement of tripartite systems is analyzed
in detail.
PACS numbers: 03.67.-a, 02.20.Hj, 03.65.-w
Quantum entanglement, as the remarkable nonlocal
feature of quantum mechanics, is recognized as a valu-
able resource in the rapidly expanding field of quantum
information science, with various applications [1, 2] in
such as quantum computation, quantum teleportation,
dense coding, quantum cryptographic schemes, quantum
radar, entanglement swapping and remote states prepa-
ration. A bipartite quantum state without entanglement
is called separable. A multipartite quantum state that
is not separable with respect to any bi-partitions is said
to be genuinely multipartite entangled [3–5]. Genuine
multipartite entanglement is an important type of entan-
glement, which offers significant advantages in quantum
tasks comparing with bipartite entanglement [6]. In par-
ticular, it is the basic ingredient in measurement-based
quantum computation [7], and is beneficial in various
quantum communication protocols [8], including secret
sharing [9] (cf. [10]), among multi-parties. Despite its
importance, characterization and detection of this kind
of resource turns out to be quite difficult. Recently some
methods such as linear and nonlinear entanglement wit-
nesses [4, 5, 11–18], generalized concurrence for multipar-
tite genuine entanglement [19–22], and Bell-like inequal-
ities [23] have been proposed. Nevertheless, the problem
remains far from being satisfactorily solved.
Quantifying entanglement is also a basic and long
standing problem in quantum information theory [24–
27]. Estimation of any quantum entanglement measures
can be used to judge the separability of a given state.
From the norms of the correlation tensors in the gen-
eralized Bloch representation of a quantum state, sep-
arable conditions for both bi- and multi-partite quan-
tum states are presented in [28–31]; a multipartite en-
tanglement measure for N-qubit and N-qudit pure states
is given in [32, 33]; a general framework for detecting gen-
uine multipartite entanglement and non full separability
in multipartite quantum systems of arbitrary dimensions
has been introduced in [5]. In [34] it has been shown
that the norms of the correlation tensors has a close rela-
tionship to the maximal violation of a kind of multi Bell
inequalities.
In this Letter, we investigate the genuine multipartite
entanglement in terms of the norms of the correlation
tensors and multipartite concurrence. We show that if
the multipartite concurrence is larger than a constant
given by the number and dimension of the subsystems,
the state must be genuine multipartite entangled. To
implement the criteria, we investigate the relationship
between the bipartite concurrence and the multipartite
concurrence. An effective lower bound of multipartite
concurrence is derived to detect genuine multipartite en-
tanglement.
Let Hi, i = 1, 2, ..., N , denote d-dimensional Hilbert
spaces. The concurrence of an N -partite quantum pure
state |ψ〉 ∈ H1 ⊗H2 ⊗ · · · ⊗ HN is defined by [25, 26],
CN (|ψ〉〈ψ|) = 21−N2
√
(2N − 2)−
∑
α
Tr{ρ2α}, (1)
where α labels all the different reduced density matrices
of |ψ〉〈ψ|. Any N -partite pure state that can be writ-
ten as |ψ〉 = |φA〉 ⊗ |φA¯〉 is called bi-separable, where A
denotes a certain subset of H1 ⊗ H2 ⊗ · · · ⊗ HN and A¯
stands for the complement of A. States that are not bi-
separable with respect to any bipartition are said to be
genuine multipartite entangled.
For an N -partite mixed quantum state, ρ =∑
i pi|ψi〉〈ψi| ∈ H1 ⊗H2 ⊗ · · · ⊗ HN , the corresponding
2concurrence is given by the convex roof:
CN (ρ) = min{pi,|ψi〉}
∑
i
piCN (|ψi〉〈ψi|), (2)
where the minimization runs over all ensembles of pure
state decompositions of ρ. A genuine multipartite entan-
gled mixed state is defined to be one that cannot be writ-
ten as a convex combination of biseparable pure states.
Theorem An N-partite quantum state ρ ∈ H1⊗H2⊗
· · · ⊗ HN is genuine multipartite entangled if
CN (ρ) >


21−
N
2
√√√√√2N − 4 + 2
d
− 2
N−1
2∑
k=1
(
N
k
)
dk
, for odd N,
21−
N
2
√√√√√2N − 4 + 2
d
− 2
N
2
−1∑
k=1
(
N
k
)
dk
−
(
N
N
2
)
d
N
2
, for even N,
(3)
where
(
N
k
)
= N !/(k!(N − k)!).
Proof A general multipartite state ρ ∈ H1⊗H2⊗· · ·⊗
HN can be written as [30],
ρ =
1
dN
(⊗Nj=1Id +
∑
{µ1}
∑
α1
T {µ1}α1 λ{µ1}α1 +
∑
{µ1µ2}
∑
α1α2
T {µ1µ2}α1α2 λ{µ1}α1 λ{µ2}α2 +
∑
{µ1µ2µ3}
∑
α1α2α3
T {µ1µ2µ3}α1α2α3 λ{µ1}α1 λ{µ2}α2 λ{µ3}α3
+ · · ·+ ∑
{µ1µ2···µM}
∑
α1α2···αM
T {µ1µ2···µM}α1α2···αM λ{µ1}α1 λ{µ2}α2 · · ·λ{µM}αM + · · ·+
∑
α1α2···αN
T {1,2,··· ,N}α1α2···αN λ{1}α1 λ{2}α2 · · ·λ{N}αN ),
where λαk are the SU(d) generators, {µ1µ2 · · ·µM} is a
subset of {1, 2, · · · , N}, λ{µk}αk = Id⊗Id⊗· · ·⊗λαk ⊗Id⊗
· · · ⊗ Id with λαk appearing at the µkth position, Id is
the d× d identity matrix and
T {µ1µ2···µM}α1α2···αM =
dM
2M
Tr[ρλ{µ1}α1 λ
{µ2}
α2
· · ·λ{µM}αM ],
which can be viewed as the entries of tensors
T {µ1µ2···µM}.
We start with an N-partite pure quantum state |ψ〉.
Let || • || denote the Euclidean norm for a tensor. Af-
ter tedious but straightforward computation, one obtains
that for odd N ,
2
N−2∑
α=1
Trρ2α = 2[
(
N
1
)
1
d
+
(
N − 1
0
)
2
d2
∑
k1∈{1,2,···N}
||T k1 ||2
+
(
N
2
)
1
d2
+
(
N − 1
1
)
2
d3
∑
||T k1 ||2 +
(
N − 2
0
)
22
d2∗2
∑
k1k2
||T k1k2 ||2
+ · · ·+
+
(
N
N−1
2
)
1
d
N−1
2
+
(
N − 1
N−1
2
− 1
)
2
d
N−1
2 + 1
∑
||T k1 ||2 +
(
N − 2
N−1
2
− 2
)
22
d
N−1
2
+2
∑
k1k2
||T k1k2 ||2
+ · · ·+
(
N − N−1
2
0
)
2
N−1
2
d2∗
N−1
2
∑
k1···kN−1
2
||T k1···kN−12 ||2];
3while for even N,
2
N−2∑
α=1
Trρ2α = 2[
(
N
1
)
1
d
+
(
N − 1
0
)
2
d2
∑
k1∈{1,2,···N}
||T k1 ||2
+
(
N
2
)
1
d2
+
(
N − 1
1
)
2
d3
∑
||T k1 ||2 +
(
N − 2
0
)
22
d2∗2
∑
k1k2
||T k1k2 ||2
+ · · · · · ·
+
(
N
N−2
2
)
1
d
N−2
2
+
(
N − 1
N−2
2
− 1
)
2
d
N−2
2 + 1
∑
||T k1 ||2 +
(
N − 2
N−2
2
− 2
)
22
d
N−2
2
+2
∑
k1k2
||T k1k2 ||2
+ · · ·+
(
N − N−2
2
0
)
2
N−2
2
d2∗
N−2
2
∑
k1···kN−2
2
||T k1···kN−22 ||2]
+
(
N
N
2
)
1
d
N
2
+
(
N − 1
N
2
− 1
)
2
d
N
2 + 1
∑
||T k1 ||2 +
(
N − 2
N−2
2
− 2
)
22
d
N−2
2
+2
∑
k1k2
||T k1k2 ||2
+ · · ·+
(
N − N
2
0
)
2
N
2
d2∗
N
2
∑
k1···kN
2
||T k1···kN2 ||2.
Assume that |ψ〉 ∈ H1 ⊗ H2 ⊗ · · · ⊗ HN be RM |R¯M
separable, where RM = {Hi1 ⊗Hi2 ⊗· · ·⊗HiM } and R¯M
be the complement of RM . Without loss of generality,
we assume that 1 ≤M ≤ [N
2
]. As |ψ〉 is a pure state, we
have Tr(ρ2RM ) = 1, namely,
2
dM+1
∑
j∈{1,2,···M}
||T ij ||2 + 2
2
dM+2
∑
j,l
||T ij il ||2 + · · ·+ 2
M
d2M
||T i1···iM ||2 = 1− 1
dM
.
Thus one has that for odd N,
2
N−2∑
α=1
Trρ2α ≥ 2[
(
N
1
)
1
d
+
(
N
2
)
1
d2
+ · · ·+
(
N
N−1
2
)
1
d
N−1
2
] + 2(1− 1
dM
),
while for even N,
2
N−2∑
α=1
Trρ2α ≥ 2[
(
N
1
)
1
d
+
(
N
2
)
1
d2
+ · · ·+
(
N
N−2
2
)
1
d
N−2
2
] +
(
N
N
2
)
1
d
N
2
+ 2(1− 1
dM
).
Therefore, we have
CN (|ψ〉〈ψ|) = 21−N2
√
(2N − 2)−
∑
α
Tr{ρ2α}
≤


21−
N
2
√√√√√2N − 4 + 2
dM
− 2
N−1
2∑
k=1
(
N
k
)
1
dk
, for odd N ;
21−
N
2
√√√√√2N − 4 + 2
dM
− 2
N
2
−1∑
k=1
(
N
k
)
1
dk
−
(
N
N
2
)
1
d
N
2
, for even N.
4Let ρ =
∑
i pi|ψi〉〈ψi| be a mixed state decomposable in terms of an ensemble of biseparable states |ψi〉. By the
convexity of the concurrence, CN (ρ) ≤
∑
i piCN (|ψi〉〈ψi|). Using the previous inequality, we get
CN (ρ) ≤


∑
i
pi2
1−N
2
√√√√√2N − 4 + 2
dMi
− 2
N−1
2∑
k=1
(
N
k
)
1
dk
, for odd N ;
∑
i
pi2
1−N
2
√√√√√2N − 4 + 2
dMi
− 2
N
2
−1∑
k=1
(
N
k
)
1
dk
−
(
N
N
2
)
1
d
N
2
, for even N ;
≤


21−
N
2
√√√√√2N − 4 + 2
d
− 2
N−1
2∑
k=1
(
N
k
)
1
dk
, for odd N ;
21−
N
2
√√√√√2N − 4 + 2
d
− 2
N
2
−1∑
k=1
(
N
k
)
1
dk
−
(
N
N
2
)
1
d
N
2
, for even N,
where in the last inequality we have used the fact that
2
d
≥ 2
dM
for any M ≥ 1.
Remark 1: The lower bound for the multipartite con-
currence presented in the above theorem together with
the fact that CN (ρ) = 0 for fully separable states sup-
ply a kind of classification for multipartite entanglement
which only depends the dimensions and the number of
subsystems.
The lower bound (3) of the multipartite concurrence
CN (ρ) of a state ρ presents a sufficient condition for a
state to be genuine multipartite entangled. Besides, if
we take N = 3 and d = 2 and consider any bi-separable
pure state |ψ123〉 = |ψ12〉 ⊗ |ψ3〉 with |ψ12〉 = (|00〉 +
|11〉)/√2, then the concurrence C3(|ψ123〉) is 1, which
is just the maximal value of the bound (3) for any bi-
separable states. Thus this bound is tight in this case.
The theorem gives an effective way to detect genuine
multipartite entanglement by estimating the multipartite
concurrence of a state. Generally, it is difficult to calcu-
late analytically the multipartite concurrence of a given
state. Nevertheless, there have been many results on the
lower bounds of the multipartite concurrence for mixed
states [35–38]. From our theorem these bounds give rise
to criteria of the genuine multipartite entanglement. To
employ our theorem for detailed applications, we first
present a new lower bound of multipartite concurrence
in the following.
For a pure N-partite quantum state |ψ〉 ∈ H1 ⊗ H2 ⊗
· · · ⊗ HN , the bipartite concurrence with respect to the
bipartite decomposition α|α¯ is defined by
Cα2 (|ψ〉〈ψ|) =
√
2(1− Tr{ρ2α}), (4)
where ρα = Trα¯{|ψ〉〈ψ|} is the reduced density matrix
of ρ = |ψ〉〈ψ| by tracing over the subsystem α¯. For a
mixed multipartite quantum state, ρ =
∑
i pi|ψi〉〈ψi|, the
corresponding bipartite concurrence is given by
Cα2 (ρ) = min{pi,|ψi}〉
∑
i
piC
α
2 (|ψi〉〈ψi|), (5)
where the minimization runs over all ensembles of pure
state decompositions of ρ. We have the following results:
Proposition For any mixed multipartite quantum
state ρ ∈ H1 ⊗ H2 ⊗ · · · ⊗ HN , the multipartite con-
currence (2) is bounded by
CN (ρ) ≥ 2
1−N
2
√√√√2N−2∑
α=1
(Cα2 (ρ))
2. (6)
Proof We start the proof with a pure state |ψ〉 ∈
H1 ⊗H2 ⊗ · · · ⊗ HN . According to the definition of the
multipartite concurrence, one obtains that
CN (|ψ〉〈ψ|) = 21−N2
√√√√(2N − 2)− 2N−2∑
α=1
Tr{ρ2α}
= 21−
N
2
√√√√2N−2∑
α=1
x2α,
where we have set xα =
√
1− Tr{ρ2α}.
For any mixed state ρ ∈ H1 ⊗H2 ⊗ · · · ⊗ HN , assume
that {pi, |ψi〉} is the optimal ensemble of pure state de-
composition such that CN (ρ) =
∑
i piCN (|ψi〉〈ψi|). Us-
5ing the Minkowski inequality, one derives that
CN (ρ) =
∑
i
piCN (|ψi〉〈ψi|) = 21−N2
∑
i
pi
√√√√2N−2∑
α=1
x2iα
≥ 21−N2
√√√√2N−2∑
α=1
(
∑
i
pixiα)2
≥ 2 1−N2
√√√√2N−2∑
α=1
(Cα2 (ρ))
2,
which proves the proposition.
Remark 2: (6) is a kind of monogamy inequality [39]
for multipartite entanglement in terms of the difference
between total entanglement and the bipartite entangle-
ment. Let ρ ∈ HA⊗HB⊗HC for instance. (6) is then rep-
resented by (C3(ρ))
2 ≥ (CA2 (ρ))2+(CB2 (ρ))2+(CC2 (ρ))2.
Combining the monogamy inequality derived in [39] one
has (C3(ρ))
2 ≥ (C2(ρAB))2 + (C2(ρAC))2 + (C2(ρBC))2,
where ρAB, ρAC and ρBC are the reduced matrices of ρ.
In (6) the lower bound of multipartite concurrence
CN (ρ) is given by the concurrences of bipartite parti-
tions. These bipartite concurrences can be estimated in
many operational approaches [27, 37, 38].
By using our theorem and proposition we now inves-
tigate the genuine multipartite entanglement by detailed
examples. Let us consider the state in three qutrits sys-
tems,
ρGGHZ =
x
27
I27 + (1− x)|GGHZ〉〈GGHZ|,
where |GGHZ〉 is a generalized GHZ state, |GGHZ〉 =
(|000〉+ |111〉+ |222〉)/√3. By using the lower bounds for
bipartite states [27], it is direct to obtain the lower bound
(6) of the concurrence C3(ρ). The genuine multipartite
entanglement is then detected for 0 < x < 0.16515, which
is better than the result from the theorem 1 in [5]: 0 <
x < 0.10557 (or that in [17] as they are of the same
power for detecting genuine multipartite entanglement
of ρGGHZ).
As another example we consider ρGHZ =
x
8
I8 + (1 −
x)|GHZ〉〈GHZ|, where |GHZ〉 = (|000〉 + |111〉)/√2.
The lower bound in (3) is given by
√
2− 2
d
= 1. By us-
ing the lower bound for bipartite concurrence in [37], we
have C3(ρ) ≥
√
3
2
1−3x
1+3x
. From our theorem the genuine
multipartite entanglement is detected for x < 0.033. If
we employ the lower bound of concurrence in [35], gen-
uine multipartite entanglement is detected by our the-
orem for x < 0.1468, which is also better than the
range x < 0.13 obtained by using the theorem 1 in
[5]. One may always enhance the power of detecting
genuine multipartite entanglement by employing better
lower bounds of multipartite concurrence. Here for the
state ρGHZ , its lower bound of concurrence from [36] is
given by C3(ρGHZ) ≥ − 12 + 3−3x4 + 2−2x+x
2
4
√
2
. Therefore
for 0 ≤ x ≤ 0.190211, the lower bound from our proposi-
tion is better than that from [36] (see Fig. 1).
.
.
H LH Ρ L
I Ρ M
Lower Bound of C(Ρ)
x
0.1 0.2 0.3 0.4 0.5 0.6
0.033
0.2
0.4
0.6
0.8
1.0
1.2
1.4
0.0
FIG. 1: Lower bound of concurrence from proposition (solid
line) and that from [36] (dashed line). The solid line shows
that for x < 0.033, C3(ρGHZ) > 1 and the state is genuine
multipartite entangled. For 0 ≤ x ≤ 0.190211, the lower
bound from our proposition supplies a better estimation of
concurrence than that from [36].
Let us further consider the Dur-Cirac-Tarrach state [3],
ρDCT =
∑
σ=±
λσ0 |ψσ0 〉〈ψσ0 |+
3∑
k=1
λk(|ψ+k 〉〈ψ+k |+ |ψ−k 〉〈ψ−k |),
where |ψ±0 〉 = 1√2 (|000〉 ± |111〉), |ψ
±
j 〉 = 1√2 (|j〉AB|0〉C ±
|(3 − j)〉AB|0〉C), |j〉AB = |j1〉A|j2〉B with j = j1j2 in
binary notation. Take λ+0 =
1
6
, λ−0 =
1
2
, λ1 = λ2 = λ3 =
1
18
. From Ref. [36] the lower bound of concurrence is
given by C(ρDCT ) ≥ 0.3143, where the difference of a
constant factor
√
2 in defining the concurrence for pure
states has already been taken into account. From our
proposition and using the lower bound for bipartite con-
currence in [37], we obtain C(ρDCT ) ≥ 0.3499. There-
fore, the lower bound presented in the proposition is bet-
ter than the lower bound in Refs. [36] in detecting the
full separability of the three-qubit mixed state ρDCT .
In summary, for tripartite quantum systems, a state
ρ ∈ H1 ⊗ H2 ⊗ H3 is genuine multipartite entangled
if C3(ρ) >
√
2− 2
d
. We have the relationship between
the property of entanglement and the value of concur-
rence, see Fig. 2. Here we show the detailed processes
of detecting genuine entanglement for arbitrary quantum
states ρ ∈ H1 ⊗ H2 ⊗ H3 by using the theorem and the
proposition. One can detect the genuine multipartite en-
tanglement for quantum states in any N partite systems
with arbitrary dimensions.
Step 1: Treat ρ ∈ H1 ⊗H2 ⊗H3 in terms of bipartite
cuts: H1|H2H3, H2|H1H3 and H3|H1H2. Compute the
6lower bound of concurrence for “bipartite” quantum state
ρ. For the example ρGGHZ , we have selected the lower
bound for concurrence given in [27]. Indeed, any valid
lower bound for bipartite concurrence (such as that in
[37, 40–42]) is adoptable to detect genuine multipartite
entanglement.
Step 2: By the proposition, one can compute the lower
bound of concurrence C3(ρ) (denoted as LC3(ρ)) by sum-
ming all the squared lower bounds of “bipartite” concur-
rence and then taking a square root.
Step 3: Compare LC3(ρ) derived in the above step (or
that has been derived directly from the lower bound of
C3(ρ) such as that in [25, 26, 43]) with the lower bound
in the theorem for N = 3, i.e.
√
2− 2
d
. If LC3(ρ) >√
2− 2
d
, genuine multipartite entanglement is detected.
III
III
O
IV
FIG. 2: Quantum states located in the area between the
largest circle and the dashed circle are genuine multipartite
entangled with concurrence C(ρ) >
√
2− 2
d
, part IV. Bipar-
tite separable states, 0 < C(ρ) ≤
√
2− 2
d
, in parts I, II, III
and their linear superposition. And C(ρ) = 0, fully sepa-
rable states in part 0. The rest undetected part is genuine
multipartite entangled with 0 < C(ρ) ≤
√
2− 2
d
.
To detect the genuine multipartite entanglement and
measure the multipartite entanglement are basic and fun-
damental problems in quantum information science. We
have investigated the relations between genuine multi-
partite entanglement and the multipartite concurrence.
It has been shown that if the multipartite concurrence
is larger than a constant depending only on the dimen-
sions and the number of the subsystems, the state must
be genuine multipartite entangled. We have also de-
rived an analytical and effective lower bound of multi-
partite concurrence, which contributes not only to the
detection of genuine multipartite entanglement, but also
to the estimation of multipartite entanglement. In [44],
the quantum k-separability for multipartite quantum sys-
tems have been studied. Our method can be also applied
to this issue. Besides, the detection of genuine multi-
partite entanglement for continuous variable systems [45]
may be similarly investigated by bounding the multipar-
tite concurrence.
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